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Heavy atoms in isomorphous derivatives of concanavalin-A and formylmethionine transfer RNA have
been found by applying the tangent formula in three dimensions to E,’s, the normalized moduli of the
differences between the scaled amplitudes of the derivative and parent structure factors. A full three-
dimensional set of starting phases was computed from trial heavy-atom constellations derived from
symbolic-addition analysis of the centrosymmetric axial projections. This strategy compares favorably
with the analysis of two- and three-dimensional difference Patterson syntheses usually employed to
find heavy atoms, and is flexible enough to incorporate other sources of structural information when
available. It is preferable when circumstances, such as high-symmetry space groups, data of poor
quality or low resolution, and multiple heavy-atom sites per asymmetric unit make the Patterson
syntheses difficult to interpret. Problems peculiar to the application of direct methods to the solution
of isomorphous heavy-atom derivatives are discussed.

Introduction

The method of heavy-atom isomorphous replacement
generally requires that at least one derivative be inter-
preted by a Patterson synthesis of the differences in
structure-factor amplitudes caused by the introduction
of heavy atoms. In this paper we present an alternative
initial approach in which a map of the heavy-atom
distribution is provided by a Fourier synthesis based
on phases derived by a ‘direct-methods’ analysis of the
amplitude differences. This approach grew out of a
desire to avoid the difficult task of deconvoluting com-
plicated heavy-atom vector maps encountered when
complex biological systems are subjected to X-ray
structural analysis.

Direct methods were first used to locate heavy atoms
in isomorphous derivatives by Steitz (1968), who
applied Sayre’s equation (Sayre, 1952) to the centro-
symmetric axial projections of carboxypeptidase.
Symbolic addition (Hauptman & Karle, 1953; Karle &
Karle, 1966) has been successfully used to locate heavy
atoms in the centrosymmetric axial projections of
hexokinase (Fletterick, Anderson, Hwang & Steitz,
1972), and formylmethionine transfer RNA (tRNA}et)
(Schevitz et al., 1972). Recently, Neidle (1973) has
employed multisolution techniques (e.g., Kennard et
al., 1971) and the program MULTAN (Germain, Main
& Woolfson, 1971) to solve three derivatives of porcine
elastase in three dimensions.

General procedure

Our approach to the problem of locating the heavy
atoms of an isomorphous derivative is summarized in
Fig. 1. Parent (P), and isomorphous derivative (PH)
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data are collected for each of the centrosymmetric
axial projections. Two-dimensional differences 4F=
(Fpy — FP) are normalized to give E,; where EZ=

(AF)Z/(e 2 f3), f; are the scattering factors of the N

heavy atoms and e is a symmetry factor (see Karle &
Karle, 1966). The term ‘4E’ is avoided, since it would
erroneously imply a coefficient (Epy— Ep), analogous
to that for 4F above. The symbolic-addition proce-
dure as programmed by Dewar (1968) is then applied
separately to the |E,|’s of each projection to generate
sets of signs. A two-dimensional heavy-atom Fourier
synthesis is calculated with the set of signs leading to
the fewest inconsistent symbol equivalences. The pro-
jection maps are examined jointly for three-dimen-
sionally consistent peaks, and the coordinates of the
more prominent of these are used to generate a trial
heavy-atom constellation. A full three-dimensional set
of structure factors is calculated from this potential
solution to provide starting phases to be improved via
the application of the tangent formula (TF) to a com-
plete three-dimensional set of E,’s. The decision to
proceed or not with the collection of three-dimensional
data is made at this point, based on the clarity and
internal consistency of the trail constellation and its
agreement with auxiliary sources of structural informa-
tion.

Our use of trial solutions in conjunction with TF
parallels the approach of Karle (1968) in that partial
structure information is exploited to complete the
heavy-atom constellation. Observed |E4|’s and starting
phases from a trial solution are supplied to the TF
program TANG (Coulter & Dewar, 1971) which is
allowed to cycle until the average phase change from
cycle to cycle is less than a preset value, typically 5°.
Once converged, the solution appears stable over many
cycles. A three-dimensional Fourier synthesis is cal-
culated with |4F|’s, and phases from the final cycle of
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TF. The resulting three-dimensional heavy-atom map
is examined for: (1) the emergence of sites in addition
to those put into the constellation, (2) shifts in the
positions of trial sites, and (3) the disappearance of
trial sites. Based on these modifications, a new trial
constellation is constructed, and used to calculate a
new set of starting phases for a further round of TF.
This process will be referred to as TF phase develop-
ment. Finally, when little change in the structure is
apparent at the end of a round of TF phase develop-
ment, heavy-atom coordinates are prepared for least-
squares refinement.

Special problems

(1) The ‘hand’ of individual atoms

In constructing a non-centrosymmetric three-dimen-
sional constellation of heavy atoms from mutually
perpendicular centrosymmetric views one is faced with
the difficulty of individually assigning the correct
‘hand’ to each of the heavy atoms; that is, deciding
whether the ith atom is to be located at (x;,;,z,), or
(x4, 1, —2;). It is impossible from an analysis of such
projections alone to correlate correctly the relative
positions of the heavy atoms within a constellation.
Our strategy has been to make an arbitrary choice of
‘hand’ for only one heavy-atom site, allowing the other
sites to emerge during TF phase development, thus
completing the ‘partial structure’ in a manner con-
sistent with the initial choice. Alternative approaches
to this problem are compared in the Discussion.

(2) Accuracy required of trial coordinates

The positions of peaks on the various heavy-atom
Fourier maps in Figs. 2 and 5 do not necessarily corre-
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Fig. 1. Schematic representation of the procedure described
in the text for the intcrpretation of heavy-atom derivatives by
direct methods. The term ‘round’ as used in the text, indi-
cates the completion of passage through the four elements
of TF phase development. Each round includes a specified
number of cycles (usually 6 to 12) of the tangent formula.
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spond to ‘correct’ least-squares refined coordinates;
implying that the three-dimensional coordinates
assigned on the basis of these peaks would not be
accurate. Studies with 6 A model data indicated that a
trial heavy-atom site which was not located within 3 A
of a correct site would fail to initiate a productive TF
phase development. These same studies showed, how-
ever, that depending on other factors, approximately
ten incorrect sites could be removed from the final map
if one correct site were present. Therefore, to allow for
uncertainty in the positioning of trial atoms, we
routinely initiated the first round of TF phase develop-
ment by constructing a cluster of six-atoms symmetri-
cally arranged 3 A away from a seventh central atom
located at the site considered most likely to be correct
from the projections. All atoms were initially of equal
occupancy and were assigned an overall isotropic
temperature and form factor equal to that derived
experimentally from the difference amplitudes. For
subsequent rounds of TF phase development, greater
relative occupancy was assigned to the central atom of
clusters constituting new trail solutions in proportion
to one’s confidence in a site.

(3) Criteria of correctness

The interpretation and evaluation of heavy-atom
derivatives cannot draw on known chemical con-
straints, as is the case with covalently bonded molec-
ular structures (Karle, 1968). Two confidence criteria
have been applied to the results of TF phase develop-
ment: (1) the capacity of any atom in the trial solution
to regenerate the rest of the solution, and (2) the capa-
city of the TF phase development to remove from a
trial solution an incorrect or ‘bogus’ site purposely
included with the occupancy of the largest trial site.

Experimental results

(1) Concanavalin-A

Concanavalin-A (Con-A) data to 2-4 A resolution
was kindly provided by Dr Karl Hardman, Argonne
National Laboratory. Con-A crystallizes in the space
group 1222 (eight general positions, one protomer per
asymmetric unit) with unit-cell dimensions a=63-15,
b=86-91 and ¢=89-25 A. Our analysis was limited to
3 A in projection, and 5 A in three dimensions. It was
carried out with no knowledge of heavy-atom sites or
occupancies in order to create a sufficiently difficult
and realistic test of the method. The mercuric acetate
[Hg(AcO),] derivative of Con-A, with six sites per
asymmetric unit is described in Table 1. This deriva-
tive, which had among the poorest refinement param-
eters of all the derivatives used in the structure deter-
mination, was solved by the difference Fourier method
using parent phases obtained from previously solved
derivatives (Hardman & Ainsworth, 1972). Details are
given here for the direct methods solution of this
Hg(AcO), derivative. A simpler two-site PtCl;~ deriva-
tive was also considered and solved without difficulty.
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Table 1. Refinement parameters
for the Hg(AcO), derivative of Con-A

Refinement parameters for the Hg(AcO), derivative taken
from the joint refinement at 2-4 A resolution of all available
Con-A derivatives for final parent phases (Hardman & Ains-
worth, 1972). Coordinates are expressed in fractional units
corresponding to the grid used in computing the Fourier
syntheses (Fig. 4).

Derivative  Site  X/48 Y/64 Z/64 A° B
Hg(AcO), A 34 -04 1-1 359 4.2
B 2:2 05 37 46-8 43
C 12 0-2 9-3 387 22-5
D 15-7 15-0 253 67-8 36
E 56 23-8 165 357 3-5
F 13-5 169 217 31-0 1-7
R¢ RMSE* {fu)® Ratio’
0-623 102-1 108-7 1-:06

Occupancy in units of electrons.
Temperature factor in A2

a

b

¢ Residual, R=2|FPH(obs)_FPH(calc)I/ZIFPH(obs)"FP(obs)l

4 Root-mean-square lack of closure in units of electrons.

¢ Root-mean-square calculated heavy-atom scattering factor
in units of electrons.

T {fu)/RMSE.

Fig. 2 represents two-dimensional heavy-atom maps
phased via symbolic addition for the (0k/), (40/), and
(hk0) centrosymmetric axial projections of the
Hg(AcO), derivative. Fig. 3 is also the Harker section
(u,v,0) given for comparison. As described in Methods,
starting phases for the first round of TF phase develop-
ment were calculated from a cluster of equal-occupancy
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heavy atoms constructed about a compromise position
considered the most likely site from the projection
studies. In spite of the fact that this compromise site
was initially 4 A from a ‘correct’ site, the process of TF
phase development was successful in locating five of the
six atoms found by Hardman & Ainsworth (1972) with
only one spurious peak observed above background.
Fig. 4 documents the evolution of the Hg(AcO), heavy-
atom constellation over three rounds of TF phase
development, each round involving approximately six
cycles of TF. For the final round, a ‘bogus’ site was
inserted at the location marked ® in Fig. 4(c). Its
disappearance is taken as an indication of success.

(2) Transfer RNA

Yeast tRNAYet crystallizes in the space group P6,22
(twelve general positions, one molecule per asymmetric
unit) in a unit cell of dimensions a=115-3, c=1369 A
(Johnson, Adolph, Rosa, Hall & Sigler, 1970). Crys-
tals are 82:5% solvent by volume, and moderately
radiation sensitive with a large temperature factor of
155 AZ for the parent intensities. All data were collected
by precession photography to 6 A resolution using
monochromated Cu K« radiation. Table 2 describes
the 3-pyridyl-mercuric acetate derivative (PyrHg™*) of
tRNAMe considered below.

Fig. 5 shows two-dimensional heavy-atom maps of
the (0k/) and (hk0) centrosymmetrical axial projections
of the PyrHg* of tRNAM¢* phased by symbolic addi-
tion. When viewed down the a axis, the general posi-
tions of this three-dimensional space group are seen as
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Fig. 2. Two-dimensional heavy-atom Fourier synthesis for the (0kl), (k0l), and (kk0) centrosymmetric axial projections of the
Con-A Hg(AcO), derivative; coefficients are |E4| cos ¢, where Ej is as defined in the text, and ¢ is 0 or 7 as determined by
symbolic addition. The projections are calculated to 3 A resolution in the plane group cmm using all 198, 192, and 181 reflec-
tions respectively. Temperature factors exhibited by the |4F|’s were 199, 12-4, and 3-8 A2. Letters indicate ‘correct’ sites as
listed in Table 1. Trial phases for TF phase development are calculated from coordinates of the compromise site indicated
by the symbol @. Contours in all figures are drawn at equal and arbitrary values above zero. Cross-hatched areas represent

very high density.
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triplets of related points within the asymmetric unit of
the plane group, pmm. More specifically, for a general
point (x, y,z) in the space group P6,22, one expects the
triplet within the planar asymmetric unit to have coor-
dinates (x,z), (x,3—2z), and (x—y,3+2z). Since this
relationship is not imposed by the form of the calcula-
tion of the (0kl) projection map, we have routinely
used the relative positions of peaks in projection to
distinguish plausible heavy-atom sites from back-
ground noise (Schevitz et al., 1972). Fig. 6 shows the

0 o
.
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2

Fig. 3. Harker section («,v,0) of the three-dimensional dif-
ference Patterson synthesis of the Con-A Hg(AcO), deriva-
tive calculated to 5 A resolution. Coefficients used are (4F)?
where AF is as defined in the text. Letters indicate the ex-
pected Harker-section vectors for the sites listed in Table 1.
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(u,0,0), (u,v,%), and (0,v,w) Harker sections of the
three-dimensional difference Patterson synthesis given
for comparison.

Table 2. Refinement parameters
for the PyrHg* derivative of tRNAY!

Refinement parameters for the PyrHg* derivative taken from
the final joint refinement at 6 A resolution for parent phases of
all currently available derivatives of tRNAMe* (Schevitz et al.,
1974). Coordinates are expressed in fractional units corre-
sponding to the grid used in computing the Fourier synthesis
(Fig. 7).

Derivative Site  X/64 Y/64 Z|72 A° B®
PyrHg* A 24 334 83 1019 2340
B 9-4 24-4 12:0 57-8 1-2
C 14-2 256 52-3 146-5 1866
D 91 10-0 11-1 27-0 150¢
E 19-0 21-8 369 36-8 150¢
F 62 9-5 282 456 150¢
G 14-4 220 32 34-8 150¢
H 10-0 212 85 253 150¢
I 96 269 10-4 20-0 150¢
J 18:2 272 534 354 150¢
R¢ RMSE* {fu) Ratio®
057 2184 4282 1:96

9 Occupancy in arbitrary units,

® Combined temperature-form factor in A2,

¢ Temperature—form factor held constant

4 Residual as defined in Table 1.

¢ Root-mean-square lack of closure in the same units as
occupancy.

7 Root-mean-square heavy-atom scattering in the same
units as occupancy.

¢ {fu)/IRMSE.

(@) )
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! k
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Fig. 4. Three-dimensional heavy-atom Fourier synthesis for the Con-A Hg(AcO), derivative, documenting the evolution of TF
phase development. Coefficients used were |4F| exp (ip;), where AF is as defined in the text, and ¢, are the phases obtained
after the first (@), second (b), and third (c) rounds of TF phase development. The |4F] data to 5 A resolution exhibit a temper-
ature factor of 59-7 A2, The maps are composite electron-density sections parallel to (010) (chosen to display an unobstructed
view of every major peak), each calculated with the 376 unique reflections whose corresponding | E,|’s were greater than 0-9.
The fractions adjacent to the contours indicate their depth in the unit cell along the y direction. Letters Jocate the sites listed
in Table 1. As expected, the highest peak in (a) locates the compromise site used to calculate starting phases for the first round
of TF phase development. Sites used to initiate subsequent rounds of TF phase development are indicated in (a) and (b) by
the symbol @. A ‘bogus’ site, as described in the text, was inserted in the final round at the site marked ® in (¢).



710

Unlike the case of Con-A above, the compromise
most likely site from which starting phases were cal-
culated for TF phase development was practically
superimposable on the ‘correct’ site 4 (Table 2).

The first round of TF phase development produced
a peak on site 4, a second large peak near site B, and a
smaller peak near site C. To challenge the validity of the
interpretation at this stage, a round of TF phase devel-
opment was initiated with only site B. This too produced
a map with peaks corresponding to sites 4, B, and C.

For the final round of TF phase development,
starting phases were calculated from the coordinates
of four sites; two near 4 and B, a third near C, and a
‘bogus’ site as described above. The results of this
final round are shown in Fig. 7. The three highest
occupancy sites (4, B, and C) correspond to the
dominant peaks on the map. Site F, the fourth highest
in occupancy corresponds to a peak three contours
above background. Near-background peaks are found
near sites £ and J, while the other refined sites in
Table 2 remain below background. The presence of
site / may be reflected in the distortion of the large
peak assigned to B. Two peaks, three contours in
height, appear to be spurious. The ‘bogus’ site indi-
cated by ® is completely eliminated.

Discussion

We have carried out the analysis of two complicated
derivatives to the point where their interpretation rep-
resents an adequate start for least-squares refinement
and further analysis by the difference Fourier tech-
nique. The procedure set forth here offers a distinct
advantage over the conventional difference Patterson
approach in cases where the number of heavy atoms in
the unit cell is unusually large, such as in oligomeric
enzymes, protein—protein and protein—nucleic acid
complexes, whole viruses, and virus components. This
advantage follows from two facts. First, the number of
vectors in a Patterson synthesis increases roughly as

)

Fig. 6. Harker sections (#,v,0), (#,v,%), and (0,v,w) of the three-dimensional difference Patterson synthesis of the tRNAJ¢

PyrHg* derivative calculated to 6
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%
)

Fig. 5. Heavy-atom Fourier syntheses for the (hk0) and (0k/)
centrosymmetric axial projections of the tRNA} PyrHg+
derivative. Coefficients are as defined in Fig. 2. The projec-
tions are calculated to 6 A resolution in the plane groups
pmm and p6mm respectively, using all 174 and 175 unique
reflections. Temperature factors exhibited by the |4F|’s are
3000 and 1641 A% Letters indicate ‘correct’ sites as listed
in Table 2. Starting phases for the first round of TF phase
development are calculated from a heavy-atom constellation
with coordinates nearly coincident with those of site 4 on the
projection maps.

resolution, Coefficients used are (4F)?, where AF is as defined in the text, Letters

locate the expected Harker-section vectors for the sites listed in Table 2.
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the square of the number of heavy atoms in the unit
cell. Given N heavy-atom sites per asymmetric unitin a
space group with S general positions, one needs to
resolve (and deconvolute) N2S— N interatomic vectors
per asymmetric unit. On the other hand, the number
of peaks expected in the Fourier synthesis produced by
TF phase development increases only linearly with the
number of sites per asymmetric unit and is independent
of the symmetry of the cell. Second, assuming that the
peaks are readily resolved, the interatomic vectors must
be deconvoluted before an interpretation is achieved.
In the Fourier map, however, heavy atoms are rep-
resented directly, with a common origin and a con-
sistent ‘hand’.

In this regard, TF phase development may have
potential in extending the usefulness of the difference
Patterson synthesis to heavy-atom derivatives of inter-
mediate complexity. The problem of the ‘hand’ of
individual atoms, as discussed above under Special
problems, arises when two-dimensional interpretations
of difference Patterson projections or Harker sections
are expanded to three dimensions. With a molecule of
known covalent structure, there exists a body of prior
knowledge about bond lengths and angles, and the
geometry of substructures which allows one to cor-
relate the positions of the individual atoms. Unfortun-

Fig. 7. Three-dimensional heavy-atom Fourier synthesis for
the tRNAMet PyrHg* derivative. Coefficients used are
|4F| exp (ip), where AF is as defined in the text, and ¢ is
the phase obtained in the last of three rounds of TF phase
development. The |[4F| data to 6 A resolution exhibit a
temperature factor of 176:8 A% The map is a composite of
electron-density sections parallel to (001) calculated with
389 unique reflections whose corresponding |E,|’s were
greater than 0-9. Two asymmetric units are shown so that
there is an unobstructed view of every major peak. They are
related by a twofold axis at z=3, and are displayed in the
context of the whole unit cell in the inset. The fractions
adjacent to the sections indicate their depth in the unit cell
along the z direction. Letters locate the sites as listed in
Table 2. A ‘bogus’ site, as described in the text, was inserted
in the final round at the site marked ®.
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ately, the positions of heavy atoms in an isomorphous
derivative are not so constrained. In the absence of
reliable phase information, the correlation of the ‘hand’
of the individual atoms is dealt with by an analysis of
the cross vectors of the difference Patterson synthesis,
or by a trial-and-error procedure in which least-squares
parameters are compared for the various choices.
These procedures will tend to break down in com-
plicated space groups with multiple sites per asymme-
tric unit; in the first instance, because of the reduced
interpretability of Patterson maps, and in the second,
because of the rapid increase in the number of choices
with the number of sites. Where this represents a
limitation to Patterson methods, the tangent formula
as used above may prove particularly useful. In any
case, it is highly unlikely that derivatives of the
type presented in this work could have been solved as
‘first’ heavy-atom derivatives by a difference Patterson
synthesis.

The method also provides a built-in operational
criterion with which efficiently to screen potential
heavy-atom derivatives, namely, the ability to con-
struct a three-dimensionally consistent provisional
heavy-atom constellation from an interpretation of
heavy-atom Fourier maps of centrosymmetric axial
projections. This feature is especially attractive at the
early stages of an analysis, since collecting projection
data to high resolution represents a minimal commit-
ment of experimental resources.

This approach to direct methods allows (indeed
requires) the investigator to actively intervene in the
process of phase development through the construc-
tion of a trial constellation based on an interpretation
of heavy-atom projections of three-dimensional maps
resulting from the preceding round of TF phase
development (see Fig. 1). Such an interpretation
involves visual discrimination between ‘true’ peaks and
noise in constructing the trial constellation. In effect,
this type of intervention, commonly used in the struc-
ture determination of small molecules (Karle, 1968),
allows real-space constraints to be imposed on phase
development in reciprocal space, and provides a con-
venient way of incorporating into the phase develop-
ment supplementary structural information which
independently might be considered marginal. For
example, the weight of a prospective heavy-atom site
can be adjusted to the extent that it agrees with a dif-
ference Patterson map, or obeys constraints imposed
by molecular dimensions, chemical stoichiometry, or
local non-crystallographic symmetry.

Finally, TF phase development can be very useful
even when approximate parent phases are available
from a solved or partially solved derivative. In the dif-
ference Fourier and ‘heavy-atom’ methods, starting
phase information tends to remain dominant; hence, if
substantial error exists in the provisional phases, it is
passed on directly to the Fourier maps used in those
analyses. In TF, however, the provisional phases are
used only to prime an amplitude-dominated procedure.
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With each cycle, the structural information contained
in the amplitudes improves the phases, thereby purging
erroneous structural information carried over from
previously solved derivatives. We have routinely used
TF phase development in just this way to confirm inter-
pretations of difference Fourier syntheses phased with
poor parent phases.

A commonly raised objection to the application of
direct methods in this context is the question of
insufficient resolution. Unlike the refinement and ex-
tension of parent phases (Coulter, 1965; Weinzierl,
Eisenberg & Dickerson, 1969; Reeke & Lipscomb,
1969; Coulter & Dewar, 1971; Barrett & Zwick, 1971;
Hendrickson, Love & Karle, 1973; Hendrickson &
Karle, 1973), interpreting heavy-atom derivatives by
direct methods involves locating a relatively small
number of isolated atoms in a large asymmetric unit.
Even at low resolution, the number of observations is
large relative to the number of parameters to be fixed,
and the chance of density overlap is remote. It is not
surprising, therefore, that both Neidle’s (1973) study
and this work have succeeded in locating heavy atoms
at 8 A and 6 A resolution respectively. Indeed, we sub-
mit that difficulties arise more from the fact that we are
analysing a difference density than from questions of
resolution. For example, it is likely that because of a
lack of isomorphism a certain degree of negative dif-
ference density will exist, undermining to some extent
the non-negativity assumption on which direct methods
are based (Sayre, 1952; Sikka, 1969). Moreover, there
exist inherent errors in difference structure amplitudes,
as discussed by Henderson & Moffat (1971). Chief
among these is the fact that for the non-centrosymmet-
ric reflection [4F| can be a poor estimate of the true
heavy-atom structure amplitude f. Studies are cur-
rently under way to evaluate a better estimate of fy
provided by differences in anomalous scattering
(Matthews, 1966).
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